Abstract. We study braid diagrams with a minimal number of crossings. Such braid diagrams correspond to geodesic words for braid groups Bn with standard Artin generators. We present a braid version of the celebrated Tait conjectures on alternating links. More precisely, we prove that a diagram of an alternating braid is minimal if and only if it is alternating and that any two minimal diagrams of the same alternating braid are isotopic. Using this, we prove that monoids of alternating braids are right-angled Artin monoids. We conjecture that similar results hold true for a more general class of homogeneous braids. In particular, we prove that any homogeneous braid diagram is minimal. Also, we study the growth and geodesic growth functions of Bn. Finally, we give sufficient conditions on a braid diagram to be minimal and discuss some relations between our results and an open problem in combinatorial group theory of the braid groups, stated in Kirby's List [1] .
Introduction
In this paper, we study the braid groups B n . These groups have the following presentations with standard Artin generators:
The relation σ i σ j = σ j σ i is usually referred to as the far commutativity relation and σ k σ k+1 σ k = σ k+1 σ k σ k+1 is usually referred to as the braid relation. For example, B 3 = ⟨a, b aba = bab⟩. By a braid word or a word in B n we mean a word in the alphabet {σ 1 , . . . , σ n−1 , σ −1 1 , . . . , σ −1 n−1 }. There is a correspondence between the plane isotopy classes of braid diagrams and the far commutativity classes of braid words. A braid diagram is called minimal (short for minimal crossing number braid diagram) if it has the least possible number of crossings among all diagrams representing the same braid. The number of crossings on a minimal diagram of a braid is called the crossing number of the braid. A braid word is called geodesic if the corresponding braid diagram is minimal. Our aim is to study the language of geodesic words (in the sense of geometric group theory) in the braid groups with the standard generating set. An explicit description of geodesic words in B 3 is well known (see [4, 5] and Remark 1.2 below). Actually, the language of geodesic words in B 3 is regular and consists of 27 different cone types. It is an intriguing open problem whether the language of geodesics for B n (with respect to the standard generators) is regular for some n ≥ 4, see [15] . In [13] it is proved that the language of geodesic words in B n is regular with respect to the generating set of simple divisors of the fundamental (Garside) element. See also [21, 22, 23, 24] .
There is a problem due to Stallings (Problem 1.8 in Kirby's List [1] ) whether geodesic braid words are closed under end extension (replacing a final letter s by s n for n ∈ N). We say that in a group G = ⟨S⟩ with a generating set S a geodesic word of the form ws (s ∈ S ∪ S −1 ) is expandable if wss given braid was presented (without a proof). It is easy to check that the correctness of the algorithm is equivalent to the conjecture in case n = 4. Also, a natural generalization of the conjecture was presented in [6] , Question 6.1. In [2] , J. Stallings introduced the concept of homogeneous braid words. In particular, he proved that the Alexander closure of a non-degenerate homogeneous braid is a fibered link. More precisely, let e 1 , . . . , e n−1 ∈ {1, −1}. A word in the braid group B n is said to be (e 1 , . . . , e n−1 )-homogeneous, if it does not contain any of the letters σ 1, 1 , . . . , 1)-homogeneous. If a word is (e 1 , . . . , e n−1 )-homogeneous for some e 1 , . . . , e n−1 , we say that it is homogeneous. In a similar way, we say that a braid diagram is homogeneous if in each column it has the same type of crossings, see Figure 1 . A braid is called homogeneous if it has a homogeneous diagram. We prove the following theorem: Theorem 4.7. Any homogeneous braid word is geodesic.
This implies that Stallings minimal braid diagrams conjecture holds true for homogeneous braid words. In the particular case of positive words, the result above is well known and easy to prove. In [2] , J. Stallings proved that any braid diagram turns out to be homogeneous after adding some new strands. There is a curious corollary from the theorem that states that any braid diagram turns out to be minimal after adding some new strands.
A braid diagram is called alternating if as we travel through from top to bottom, the strands go through the crossings alternately between overpasses and underpasses, see Figure 1 . A word is called alternating if the corresponding diagram is alternating. A braid is called alternating if it has an alternating diagram. It is easy to see that if a word w is either
n−1 )-homogeneous, then w is alternating. Note that the converse does not hold true in general: the braid word σ 1 σ −1 3 is alternating but it is not homogeneous. Nevertheless, if a word w is alternating and non-degenerate, then it is either (1, −1, 1, −1, . . . , (−1) n )-homogeneous or (−1, 1, −1, . . . , (−1) n−1 )-homogeneous. Note that (e 1 , . . . , e n−1 )-homogeneous braids form a submonoid HBM(e 1 , . . . , e n−1 ) in B n . These submonoids have generators σ We propose the following conjecture:
Conjecture 4.5. Let e 1 , . . . , e n−1 ∈ {1, −1}.
(1) Suppose w is a braid word representing a (e 1 , . . . , e n−1 )-homogeneous braid. Then w is geodesic if and only if w is (e 1 , . . . , e n−1 )-homogeneous;
(2) Denote by a 1 , . . . , a n−1 the standard generators of the monoid HBM(e 1 , . . . , e n−1 ). Then the monoid has a presentation with relations (a)
In particular, HBM(e 1 , . . . , e n−1 ) are Artin monoids.
A proof of the conjecture for positive braids can be found in [14] , Theorem 9.4.5. See also Lemma 1.1. We prove the conjecture for alternating braids.
Theorem 4.4. Suppose w is a braid word representing an alternating braid. Then w is geodesic if and only if w is alternating. Moreover, the monoids HBM(1, −1, . . . , (−1) n ) and HBM(−1, 1, . . . , (−1) n−1 ) are isomorphic and have the following presentation
This means that the monoids above are right-angled Artin monoids. The latter is also called graph monoids, Cartier-Foata monoids, (free) partially commutative monoids, trace monoids, semifree monoids, and locally free monoids, see [20] .
Denote by P n (m), A n (m), H n (m), and Γ n (m) the number of positive, alternating, homogeneous, and all braids with crossing number m in B n respectively. The function Γ n (m) is called the (spherical) growth function of B n . Theorem 10 in [19] implies that for all sufficiently large n
Using Theorem 4.4 and calculations in right-angled Artin monoids from Corollary 2 in [19] , we see that log(A n (m)) m converges to log 4 as m tends to infinity (for all sufficiently large n). Since A n (m) ≤ Γ n (m), it follows that in (1) the upper estimate is closer to the true value, than the lower one. In [4] it is shown that ∑
m is a rational function, that is, B 3 has rational growth. The results of computations show that log(Γ 3 (m)) m converges to log 2 as m tends to infinity. It is unknown whether ∑ ∞ m=0 Γ n (m)z m is rational for some n ≥ 4. It is known that there is no linear recurrence relation of degree ≤ 13 for Γ 4 (m). In [11, 12] it is shown that ∑ ∞ m=0 P n (m)z m is rational for all n ≥ 2 and hence the limit of log(P n (m)) m could be found explicitly. Actually, as it is shown in [25] , any Artin monoid has rational growth. In particular, ∑ ∞ m=0 A n (m)z m is rational for all n ≥ 2 and if Conjecture 4.5 is true, then ∑ ∞ m=0 H n (m)z m is rational for all n ≥ 2. It follows from Theorem 4.4 that P n (m) A n (m) converges to zero as m tends to infinity. In the similar way, (H n (m) − A n (m)) A n (m) converges to zero as m tends to infinity.
Denote by p n (m), a n (m), h n (m), and γ n (m) the number of positive, alternating, homogeneous, and geodesic braid words of length m in B n respectively. The function γ n (m) is called the (spherical) geodesic growth function of B n . As Lemma 3.10 shows, Conjecture 3.9 implies γ n (m + 1)
We present a construction that produces geodesic words of a given length in B n . In particular, we have the following result for all large n: Proposition 5.1. For any k ∈ N there exist constants c > 0 and N ∈ N such that
For instance, this shows that h n (m) γ n (m) converges to zero as m tends to infinity. It is unknown whether ∑ ∞ m=0 γ n (m)z m is rational for some n ≥ 4. In [4] it is shown that ∑ 2) as m tends to infinity. It would be interesting to find more accurate lower bound of γ n (m) (n − 1) m . The paper is organized as follows. In Section 1, we give some basic definitions. In Section 2, we introduce the class of winding braid diagrams, which gives some sufficient conditions on braid diagram to be minimal. In Section 3, we discuss even-relator groups and last letters of geodesic words. In Section 4, we apply Tait conjectures for alternating braids and study homogeneous braids. In Section 5, we present a construction of generating geodesic words of a given length.
Acknowledgment. The authors are grateful to A. V. Malyutin for useful discussions.
Preliminaries
The basic notions of knot theory and braid theory can be found in [7, 8, 9] . We use the language of geometric group theory that is described in [10] . We assume that all link diagrams lie on a sphere. Given a link L, by Br(L) we denote the braid index of L. Given a set of symbols S, we introduce the following notation:
Denote by F (S) the set of all words in the alphabet S ∪ S −1 .
The letters s ∈ S are called positive while the letters s −1 ∈ S −1 are called negative. Given a group G = ⟨S⟩ with a generating set S, for w ∈ F (S) we denote by [w] ∈ G the corresponding element of the group. By w we denote the length of a word w. A word w ∈ F (S) is called non-degenerate if for all letters s ∈ S the word w contains s or s −1 .
Consider a homomorphism B n → S n from the braid group to the symmetric group given by σ i ↦ (i, i + 1). The image of a braid under this homomorphism is called a permutation corresponding to the braid. Given a braid word v, denote by p(v) the number of positive letters in v and by n(v) the number of negative letters. Geometrically, p(v) is a number of positive crossings on the braid diagram corresponding to v, and n(v) is the number of negative crossings. We introduce the notion of a shadow crossing, see Figure 2 . By a braid shadow, we mean a picture consisting of shadow crossings, see Figure 11 . Figure 6 . Lemma 1.1. Let w be a geodesic word in B n and let u be another word representing the same braid. One has w ≤ u , p(w) ≤ p(u) and n(w) ≤ n(w). Moreover, in each inequality, equality holds true if and only if u is geodesic.
This result implies that a word representing a positive braid is geodesic if and only if it is positive. Remark 1.2. We need an explicit description of geodesic words for B 3 given in [4] . Actually, there is a misprint in Theorem 1.1. For instance, the word w ∶= aBAB satisfies the conditions of the theorem, but it is not geodesic:
We believe that the right statement is as follows. A freely reduced word w in the alphabet {a, b, A, B} is a geodesic in B 3 if and only if w does not contain as subwords any of the following: elements of both {ab, ba} and {AB, BA}; both aba and A; both aba and B; both ABA and a; both ABA and b; both bab and A; both bab and B; both BAB and a; both BAB and b. See Figure 3 . 
Winding braids
By D we denote a braid diagram and by D we denote the number of crossings on D. Consider a braid diagram on n strands. Given 1 ≤ k 1 , . . . , k s ≤ n, consider a braid on s strands that is obtained from it by deleting all strands except k 1 , k 2 , . . . , k s . All the resulting braid diagrams are called subdiagrams of the given diagram. (1) each D k is minimal; (2) for any two strands of D, there are exactly m elements of the multiset that contain both of the strands. A braid word is said to be winding if the corresponding braid diagram is winding. 
By the definition, any minimal braid diagram is winding with s = 1, D 1 = D and m = 1. There are examples of minimal braid diagrams that satisfy winding diagram properties only in this trivial case. For example, the following braid diagram in Figure 4 is minimal, but here no two strands form a minimal subdiagram. Actually, this braid is Brunnian, that is, after deleting any of its strands the resulting braid turns to be minimal. The class of winding braid diagrams contains the following interesting class. A braid diagram on n strands is said to be k-regular winding, 2 ≤ k ≤ n, if after deleting any n − k strands on it the resulting subdiagram on k strands turns to be minimal. For instance, any positive or negative braid diagram is 2-regular winding, and generally speaking, 2-regular winding braids are those whose any two strands "twist" around each other in a positive or negative direction. That is, for any pair of strings i < j, the crossings between (i, j) are either all positive or all negative. It is easy to check that any k-regular winding diagram is also m-regular winding for all 2 ≤ k ≤ m ≤ n. Actually, the inclusions are proper, see Figure 11 on the left. Since any geodesic word in B 2 , B 3 is expandable, the class of 2-regular and 3-regular winding braid diagrams is closed under end extension. That is, such braid diagrams are expandable and Stallings minimal braid diagrams conjecture holds true for them.
Consider a braid shadow on n strands that has the following property: any two strings on the shadow have a common intersection point. By choosing either positive or negative types of crossings for each of n(n − 1) 2 pairs of strands, one can obtain 2 n(n−1) 2 braid diagrams, which are 2-regular winding and hence minimal. It would be interesting to study minimal braid diagrams with a given shadow.
There is a naive generalization of the winding braid diagrams as follows. Consider a braid diagram such that for any its crossing there exist a minimal subdiagram that contains this crossing. It turns out that such the braid diagram is not necessarily minimal as the following example in Figure 5 (on the left) shows. We will say that a braid is non-degenerate if its minimal diagram does not split. Note that from Proposition 2.2 it follows that if a braid diagram splits, that is, the corresponding braid word is non-degenerate, then any minimal representative diagram of that braid splits. Hence the notion of non-degenerate braid is well defined.
3. Even-relator groups, Stallings conjecture, and geodesic ends Definition 3.1. Let G = ⟨S R⟩ be a presentation of a group G. We will say that it is even-relator if r is even for all r ∈ R.
For example, the standard presentation for B n is even-relator. Note that the property of being even-relator depends only on generating set. By l G,S (g) we denote the word-metric length between g ∈ G and 1 ∈ G. For example, the length of a braid in the braid group (with the standard Artin generators) is the crossing number of a braid. Below we present several general facts on even-relator groups. They seem to be known, but we can not find a good reference.
Lemma 3.2. Let G = ⟨S⟩ be a group with a generating set S.
Proof. The triangle inequality implies
Choose a geodesic representative w ∈ F (S) for g. Note that ws is not geodesic:
. Since u and ws define the same element of G, there exists a sequence of words and elementary moves of inserting or deleting xx −1 , x −1 x or r ∈ R between them. Note that elementary moves preserve parity of word length. Hence u and ws have the same parity. Note that u = l G,S (gs) = l G,S (g) = w = ws − 1. This gives a contradiction.
Definition 3.3. Let G = ⟨S⟩ be a group with a generating set S. Given g ∈ G, denote by R(g) the set of all geodesic ends of g, that is, the set of letters s ∈ S ∪ S −1 such that there exists a geodesic word ws ∈ F (S) with the property [ws] = b.
The result below is closely related to fundamental problems on geodesic growth theory, see [16] . Lemma 3.4. Let G = ⟨S⟩ be an even-relator group with a generating set S. Given a geodesic word w ∈ F (S) and a letter s ∈ S ∪ S −1 the following conditions are equivalent:
(1) ws is geodesic;
Proof. Assume that ws ∈ F (S) is geodesic. Assume that Definition 3.5. Let G = ⟨S⟩ be a group with a generating set S. An element g ∈ G is called dead
For more details on dead ends, see [10] .
Corollary 3.6. Let G = ⟨S⟩ be an even-relator group with a generating set S. An element g ∈ G is a dead end element if and only if R(g) = S ∪ S −1 .
Conjecture 3.7. There are no dead end elements in B n .
Definition 3.8. Let G = ⟨S⟩ be a group with a generating set S. We will say that G satisfies property S if any geodesic word in G is expandable.
It is easy to see that if G satisfies property S, then G has no dead end elements.
Conjecture 3.9 (Stallings minimal braid diagrams conjecture). For n ≥ 2 each B n satisfies property S.
Lemma 3.10. Let G = ⟨S⟩ be an even-relator group. The following conditions are equivalent:
(1) G satisfies property S;
(2) For all g ∈ G, the following holds true: if s ∈ R(g) then s −1 ∉ R(g); (3) Let w ∈ F (S) be a geodesic word. For all s ∈ S ∪ S −1 there exists ε ∈ {1, −1} such that ws ε is geodesic.
Proof. Assume G satisfies property S. Suppose s ∈ R(g). Then there exists geodesic representative ws of g. By property S, the word wss is geodesic. If s is geodesic by Lemma 3.4. Now assume that for all geodesic words w and for all s ∈ S ∪ S −1 there exists ε ∈ {1, −1} such that ws ε is geodesic. Let ws be a geodesic word. Since wss −1 is not geodesic, wss is geodesic. Hence ws is expandable, so G satisfies property S.
If Stallings minimal braid diagrams conjecture is true, then for any b ∈ B n one has R(b) ≤ n − 1. Actually, this ineqaulity is sharp, as the following proposition shows. Proof. Consider the fundamental (Garside) element ∆. Note that it satisfies R(∆) = {σ 1 , . . . , σ n−1 }. In general case, one has to change crossings on the diagram of ∆ as shown in Figure 6 on the right. The resulting braid diagrams are 2-regular winding and hence minimal by Proposition 2.2.
Alternating and homogeneous braids
Recall that a diagram of a link is called alternating if as we travel through the link diagram by any given orientation, the strands go through the crossings alternately between overpasses and underpasses. A link is called alternating if it has an alternating diagram. Given a link diagram, we consider its shadow. In the shadow, all positive and negative crossings turn out to be shadow crossings, see Figure 1 . A link diagram is called reduced if its shadow has the following property: no connected component of the shadow complement on the sphere meets a double point from several sides at once.
There are celebrated Tait conjectures (see [7] , [18] ), which are proved and which we list below:
• Any reduced diagram of an alternating link is minimal. Moreover, any minimal diagram of a prime alternating link is alternating.
• Any two reduced alternating diagrams of an alternating link are related through a sequence of flypes. Figure 7 . Flypes. The picture was taken from [7] We also need the following William Menasco's result:
• If the connected sum of two links is an alternating link, then it appears composite on any alternating diagram. 
Proof. Suppose b ∈ B n is an alternating braid on n strands with an alternating word representative w. We prove that w is geodesic. Note that ww is reduced and alternating. Due to remarks 4.1 and 4.3, we see that ww is a reduced alternating diagram of a link. It follows from Tait conjecture that ww is minimal. Hence ww is minimal, so is w. Figure 9 . The braid word σ
Now suppose b ∈ B n is an alternating braid with a minimal word representative w. We prove that w is alternating. Choose an alternating word representative v of b. Without loss of generality, one can assume that v is (1, −1 D 1 is a minimal diagram of a prime link L, D 1 is alternating. Hence wu is alternating braid diagram, so is w. Now suppose alternating braid words v, w represent the same alternating braid in B n . By embedding B n to B n+1 , that is, by adding a trivial strand on the right, one can assume that n is even. Without loss of generality, one can assume that v, w are (1, −1, . . . , (−1) n )-homogeneous words. Take
100 , see Figure 9 . Note that uvu, uwu are reduced alternating diagrams of the same braid. Consider link diagrams obtained by plat closure of the braid words uvu and uwu as shown in Figure 8 . As for the Alexander closure, it is easy to check that these link diagrams are alternating. By the construction of u, they are reduced. It follows from flyping conjecture that there exist a sequence of flypes that transform the first diagram to the second. Note that no 2-tangle can be chosen to apply flype. Hence these two diagrams are plane-isotopic. Hence uvu and uwu are plane-isotopic. This means that one can use the far commutativity and transform uvu to uwu. Hence one can use the far commutativity to transform v to u.
In general case, we have the following Conjecture 4.5. Let e 1 , . . . , e n−1 ∈ {1, −1}.
(1) Suppose w is a braid word representing a (e 1 , . . . , e n−1 )-homogeneous braid. Then w is geodesic if and only if w is (e 1 , . . . , e n−1 )-homogeneous; (2) Denote by a 1 , . . . , a n−1 the standard generators of the monoid HBM(e 1 , . . . , e n−1 ). Then the monoid has a presentation with relations (a) a i a j = a j a i , i − j ≥ 2; (b) a k a k+1 a k = a k+1 a k a k+1 whenever e k = e k+1 . In particular, HBM(e 1 , . . . , e n−1 ) are Artin monoids.
We prove half of the first point of the conjecture. Proof. Let w be a homogeneous braid word. Since the subgroup of pure braids is normal and has finite index, there exists m ∈ N such that u ∶= w m is a word representing a pure braid. It follows that Br(u) = n. Using Proposition 4.6, we see that u is a minimal link diagram. Hence u = w n is minimal, so is w.
It follows from Theorem 4.7 that all homogeneous braid words are expandable, that is, Stallings minimal braid diagrams conjecture holds true for them. Also, the result above gives a way to construct a minimal braid diagram with a given shadow.
Consider the Cayley graph of B n . Consider its induced subgraph whose vertices are homogeneous braids and denote it by H n . As we see, the graph H n consists of "branches" corresponding to (e 1 , . . . , e n−1 )-homogeneous braids. More precisely, given e 1 , . . . , e n−1 ∈ {1, −1}, denote by H n (e 1 , . . . , e n−1 ) an induced subgraph of the Cayley graph whose vertices are (e 1 , . . . , e n−1 )-homogeneous braids. There are two special branches, which correspond to positive and negative braids. In some sense, they are fat, as we explain below. It is easy to see that in the Cayley graph all braids lying in the ball of radius m centered at p are homogeneous. The similar result holds true for negative braids. The following proposition shows that on the other branches of H n this in not the case. By the number of sign changes in a (e 1 , . . . , e n−1 )-homogeneous braid word we mean the number of sign changes in the sequence e 1 , . . . , e n−1 . Proof. Denote by 1 ≤ i 1 , . . . , i m < n − 1 indexes such that e is ≠ e is+1 for all 1 ≤ s ≤ m. We put Remark 4.9. In the case of alternating braids, one has more accurate inequality. More precisely, if w is non-degenerate and alternating, then the closed ball of radius 1 centered at [w] contains at least ⌊(n − 2) 2⌋ distinct non-homogeneous braids. The proof is the same as above. Definition 4.10. A subgraph of a graph is said to be geodesically convex if any geodesic path connecting two points of the subgraph lies in this subgraph. A subgraph of a graph is said to be geodesically star-shaped with respect to its vertex v if any geodesic path connecting v any a point of the subgraph lies in this subgraph.
Using Lemma 3.4, it is easy to check that Conjecture 4.5 is equivalent to the following statement: H n is geodesically star-shaped in the Cayley graph with respect to the trivial braid on n strands. Note that H n is not geodesically convex. Indeed, one has the following geodesic paths:
Note that they connect a (1, 1)-homogeneous braid with a (1, −1)-homogeneous braid and a (1, −1)-homogeneous braid with a (−, 1)-homogeneous braid. The latter example can be used to show that all branches H n (e 1 , . . . , e n−1 ) except positive and negative branches are not geodesically convex. We do not know whether H n (1, . . . , 1) and H n (−1, . . . , −1) are geodesically convex. Proof. Given k ∈ N, choose integers 0 ≤ x 1 , x 2 , . . . , x k+1 . Consider arbitrary k + 1 braid shadows that have x 1 , . . . , x k+1 crossings respectively. Below we explain how to chose crossing types in that shadows in order to obtain corresponding braid words v 1 , . . . , v k+1 .
Consider permutations π 1 , . . . , π k+1 ∈ S n defined by the braid diagrams v 1 , . . . , v k+1 . Given 1 ≤ i ≤ k + 1, consider a simple braid shadow on which the strands (π i (1), π i (2)) go to (1, 2), see Figure 11 . By a simple braid shadow, we mean a braid shadow in which any two strands cross at most once. Below we explain how to chose crossing types in that k + 1 shadows in order to obtain corresponding braid words u 1 , . . . , u k+1 .
We define a braid word w = σ 1 σ 2 σ 3 . . . σ n−1 σ n−1 σ n−2 . . . σ 2 σ −1
1 σ 2 σ 3 . . . σ n−1 σ n−1 σ n−2 . . . σ 2 σ 1 of length 4n − 4. We put W ∶= v 1 u 1 wv 2 u 2 wv 3 u 3 w . . . v k u k wv k+1 u k+1 . The word W will turn out to be 3-regular winding and hence geodesic by Proposition 2.2. We put N ∶= (k + 1)(n − 1)(n − 2) 2 + k(4n − 4) + (k + 1). Let m ≥ N be a natural number. We assume that integers x 1 , . . . , x k+1 satisfy d + k(4n − 4) + t = m, where d ∶= ∑ It remains to define the crossings in v i , u i and prove that W is 3-regular winding. Each v i u i is going to be 2-regular winding. More precisely, we put all crossings in v i u i between the strands 1, 2 to be positive. For each strand r ≠ 1, 2 we put all crossings in W between 1, r to be positive and all crossings between 2, r to be negative. Finally, for each {i, j} ∩ {1, 2} = ∅ we put the crossings between strings i, j in W to be all positive (actually, it does not matter). Now we prove that W is 3-regular winding. Consider a subdiagram of the braid diagram of W on three strings i, j, r. If {i, j, r} ≠ {1, 2, r ′ }, then the subdiagram is 2-regular winding and hence minimal. It remains to prove that the subdiagrams on 1, 2, r are minimal for all 3 ≤ r ≤ n. Let us check the minimality conditions from Remark 1.2 for each of these subdiagrams. Denote bŷ W the word that corresponds to the subdiagram of W on three strands 1, 2, r. The wordŵ is defined in a similar way. Since the crossing type in W between 1, k is positive, whereas the crossing type in W between 2, k is negative, we see thatŴ contains neither aba, bab, ABA, nor BAB. AssumeŴ contains elements of both {ab, ba} and {AB, BA}. Note thatŵ contains neither AB nor BA, but w contains ab and ba. It remains to show thatŴ does not contain neither AB nor BA. Note that in each of the diagrams corresponding to AB, BA there is a strand that crosses two other strands negatively, see Figure 3 . By the construction, there is no such strand inŴ . This shows thatŴ is geodesic. Hence W is 3-regular winding. This completes the proof.
